This paper presents a new perspective on the Fisher hypothesis in relation to the real stock returns and expected inflation, by using the monthly real stock returns for the S&P 500 and inflation rates in US from January 1990 to December 2016. Results suggest a strong evidence of regime-dependence of stock market return for a two-regime MS-FITGARCH (1, 1). The estimation results for regime 1 are consistent with low variance-high mean regime (expansion phase), while regime 2 is consistent with high variance-low mean regime (recession phase). Furthermore, the estimated coefficient of first lag of inflation in mean equation is negative and significantly different from zero in expansion phase, but insignificant in recession phase, confirming the results indicated by Fisher hypothesis only in recession phase. Results show that first lag of inflation does not affect the probability of staying in expansion or recession phases.
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Introduction
Fisher hypothesis (1930) states that there is no relationship between the real stock returns and expected inflation, and therefore, common stocks can be used as a hedge against expected inflation. Since then until the mid-seventies, a number of economists believed that real stock returns and expected inflation should be positively correlated with each other or at least not be negatively correlated.
Even though some studies have indicated that there is correlation between returns and inflation for the UK after the WWII, however, several studies have found that such a relationship was negative. According to Modigliani and Cohn (1979) , permanent inflation diminishes real prices of stocks because the factors suffer from inflation illusion. Inflation illusion leads to a sort of inability to exactly determine the factors of the nominal and real interest rates. Fama (1981) presented an explanation for this negative relationship through examining a relationship between stock returns and inflation and real output. He showed that the relationship between inflation and real output is negative, on one hand, and the relationship between real output and real stock returns is positive, on the other. The existence of such negative relationship confirmed by other researchers (Kryzanowski and Rahman, 2009 ). According to these studies, the inflation affects stock returns through two channels of permanent and temporary components of inflation and depending on the source of fluctuations; the volatility of prices has different effects on production. The permanent component originated from supply shocks creates movements in real activities (such as changes in the business situations or energy prices). Through this channel, any change in inflation negatively affects production. Basically, supply disruption impacts the permanent component of inflation and reflects changes in real economic activities and may lead to a negative relationship between stock returns and inflation.
On the other hand, the temporary component of inflation is a result of demand shock, representing the temporary and non-expected changes in inflation caused by monetary policies, changes in government spending, and other factors on the demand side. Through this channel, disruption in demand causes temporary inflation which may positively affect the stock returns. Thus, the answer to this question that whether inflation affects the real return of stocks negatively or positively is somewhat ambiguous. Understanding the impact of inflation on the real return provides tools for risk management in stock markets by the hedge funds and pension providers and also the policy makers.
Since linear models are not able to capture asymmetries, Markov switching regression model has been widely used to clarify the behaviors of regime change in stock markets (Hamilton and Susmel, 1994) . Very recent studies have used MS-EGARCH models with the capability of modeling clusters of volatility and capturing the asymmetries. These studies confirmed the existence of the volatility switching regimes in stock returns. Henry (2009) presented a two-regime MS-EGARCH model to investigate the relationship between the short-term interest rates and UK stock market. Aloui and Jammazi (2009), using a two-regime MS-EGARCH model studied the relationship between volatilities in the oil market and stock prices for France, UK and Japan. Walid et al. (2011) by using an MS-EGARCH model examined the dynamic relationship between the volatility of stock prices and exchange rates for emerging economies.
Financial returns have significant autocorrelations which decay toward zero slower than a short-memory process. Many results have argued that this pattern of the sample autocorrelations suggests that the volatilities of financial returns can be represented by long-memory processes. In light of this, the so-called Fractionally Integrated Threshold GARCH (FITGARCH) models have not only the capability of modeling the volatility clusterings and capturing their asymmetries, but also they take into account the characteristic of long-range dependence in the volatility (Lopes and Prass, 2014) .
In this paper, we test the relationship between equity returns and inflation using a Markov Switching Fractionally Integrated Threshold GARCH model (MS-FITGARCH) with two regimes and explained transition probabilities. This model is an extension of MS-EGARCH model introduced by Henry (2009). It allows the variance of stock returns to switch across different regimes so that the conditional variance within each regime is time-variant and asymmetric with the characteristic of long-range dependence in the volatility. This modeling is partly based on the assumption that stock return may move across different volatility regimes characterized by different perceptions and reactions of market participants to volatility shocks on inflation (see e. g. Wang and Theobald, 2008) . In addition, the proposed model is capable of detecting regime dependence in the impact, persistence, long-range dependence in the volatility and asymmetric response to shocks due to the fact that the conditional variance depends on past shocks and the present and past states of the economy (Aloui and Jammazi, 2009). MS-FITGARCH model with the characteristic of long-range dependence in the volatility has more flexibility and accuracy than the previous models in modeling the stock return volatility. Therefore, our main contribution would be introducing such flexible model to test the relationship between stock market real rate of return and inflation for the US economy. To our knowledge, such methodology has not been used in the literature.
This study is organized as follows. Section two provides the literature review. Section three presents the theoretical Markov switching models. Section four presents the descriptive statistics briefly. Section five discusses the results, and finally section six presents the conclusions and recommendations.
The Markov Switching Fractionally Integrated Threshold GARCH (MS-FITGARCH) framework
The Generalized ARCH (GARCH) model of Bollerslev (1986) is based on an infinite ARCH specification which reduces the number of estimated parameters by imposing nonlinear restrictions. The GARCH (p, q) model can be expressed as:
(1) That can easily be rewritten as follows:
(2) Where For stationary time series, AFC decline to zero exponentially with increasing in lags but for non-stationary time series AFC is convergent to one for all lags. There are some time series that their AFC decline slowly to zero in the form of polynomial function with increasing in lags, labeled as time series with long-memory , for which the effects of a shock can take a considerable time to decay. Therefore, the distinction between stationary and unit root processes seems to be far too restrictive. Indeed, the propagation of shocks in a stationary process occurs at an exponential rate of decay (and so it only captures the short-memory), while for an unit root process the persistence of shocks is infinite.
The high persistence in GARCH models suggests that the polynomial may have a unit root, which gives rise to the integrated GARCH (IGARCH) model (See Nelson, 1990 for which the unconditional variance does not exist). To allow for high persistence and long memory in the conditional variance while avoiding the complications of IGARCH models, we extend the ARMA (m, q) process in (1) to a FARIMA (m, d, q) process as follows:
(3) where all the roots of and lie outside the unit circle. When , this reduces to the usual GARCH model, when , it becomes the IGARCH model, and when , the fractionally differenced squared residuals, follow a stationary ARMA (m, q) process. The above FARIMA process for can be rewritten in terms of the conditional variance as follows: (4) To mimic the behavior of the correlogram of the observed volatility, Baillie, Bollerslev, and Mikkelsen (1996) refered to the above model as the fractionally integrated GARCH, or FIGARCH (m, d, q) model. When , the coefficients in and capture the short-run dynamics of volatility, while the fractional difference parameter d models the long-run characteristics of volatility.
Another GARCH variant that is capable of modeling leverage effects is the Threshold GARCH (TGARCH) model that is defined as follows:
(5) where is a dummy variable that take the value 1 when is negative and 0 when is positive. is the so-called asymmetry parameter, which permits positive and negative disturbances to contribute differently to the conditional variance. In this model, it is assumed that the impact of on the conditional variance is different when is positive or negative. The original TGARCH model proposed by Zakoian (1994) (7) (8) Where, in Eq. (7), is conditional mean, is a vector of M explanatory variables, that may include lagged is the information set that contains all information available at time (t−1), and is the error term. The conditional variance follows an FITGARCH (1, 1) process, as given in Eq. (8) . As a conditional distribution, D, the Student-t proposed by Bollerslev (1987) is generally used.
Hamilton and Susmel (1994) modified the conditional variance equation to make the conditional variance dependent on the state of the economy. Henry (2009) modeled a two-regime Markov-Switching EGARCH model. The basic MS-FITGARCH (1, 1) model can be modified as follows:
(9)
By assuming the existence of two states, ( , the two regimes can be displayed by a latent variable , taking on two values, 0 (first regime) and 1 (second regime), depending on the state of the economy.
The transition between the states is governed by a first order Markov process as follows (Hamilton, 1989 ): (11) With is the probability that the economy switches at time from state 1 to state 0or vice versa. These transition probabilities can be summarized in a matrix as , where the probabilities are fixed. The logistic functional form, then, can be defined as:
and (12) According to Hamilton (1989) , the MS-FITGARCH can be estimated using Maximum Likelihood. As noted by Filardo and Gorgon (1998) , with fixed transition probabilities, the expected durations do not vary over the cycle. This means that exogenous shocks, macroeconomic policies and the economy's own internal propagation mechanisms do not influence the probability of how long an expansion or contraction will persist. To resolve this problem, the time-varying transition probabilities are included in the model. The variations in the transition probabilities would produce variations in the expected durations (Filardo and Gorgon, 1998) . By allowing the transition matrix (P) to be explained by reflecting information about where the economy is advancing via variable , the timevarying transition matrix P (t) can be formulated as follows: (13) In this equation, is the information variable (s), upon which the evolution of the unobserved regime will be depending on. In our analysis, it is possible to investigate whether first lag of inflation (as proxy for expected inflation), i.e.
, influence not only the mean and the variance of the real stock return ( ) but also the regime-switching probabilities. Thus, MS-FITGARCH (1, 1) model with explained transition probabilities can be written as follows:
According to Filardo (1994) , then the transition probabilities are given by:
It follows that:
Following Filardo (1994) , the transition probabilities are non-negative and vary between zero and one. For , a high level in xt−1 implies that the equity returns are more likely to stay in regime 0.Conversely, implies that a switch to the high volatility state is more likely following a high level in xt−1.
Data description
The empirical analysis is carried out using monthly data for the USA for the period of January 1990 to December 2016. We employ real stock returns for the S&P500 that are obtained from Robert Shiller's website 1 and inflation rates from International Monetary Fund (IMF). The inflation rate is defined as , where the is the consumer price index. The real stock returns are defined as follows:
Where is the real share price index (t), generated by deflating the logarithm of nominal share price index by the logarithm of the consumer price index (cpi). Table 1 reports some monthly descriptive statistics for the S&P500 real stock returns and the inflation rate. As it can be observed, the standard deviations are significantly higher than the mean, implying that the S&P500 real stock returns have higher levels of volatility. Skewness tests indicate that distributions are significantly skewed to the left. In addition, high excess kurtosis values suggest that the series distributions are highly leptokurtic relative to the normal distribution. According to the Jarque-Berra test, it is evident to note that the hypothesis of normal distribution is rejected at the 1% significance level for both the series. Furthermore, Table 1 reports unit root and stationary test results. Unit Root tests are the Augmented Dickey and Fuller (1979) and the Phillips and Perron (1988) tests. The obtained results reveal that the S&P500 real stock returns and the inflation rate time series are stationary at the 1% significance level. .3713 *** -9.85001 *** Notes: (***) indicates significance at the 1%.
Empirical results
The Estimation results of univariate FITGARCH (1, 1) and MS-FITGARCH models with fixed transition probabilities (Model 1, Model 2 and Model 3) and with explained transition probabilities (Model 4) are displayed in Table 1 . FITGARCH (1, 1) and two-regime MS -FITGARCH (1, 1) The autoregressive order in the mean equation was determined to be zero and for the variance equation, the FITGARCH (1, 1) fits the data well. 
1. MS-FITGARCH model with fixed transition probabilities
In this subsection, we discuss the estimation results of the univariate tworegime MS-FITGARCH (1, 1) model with fixed transition probabilities for the real stock returns. By using the Likelihood Ratio (LR) test proposed by Garcia and Perron (1996) , we test the null hypothesis ( ) of no switching in stock market volatilities determined by a univariate FITGARCH (1, 1) process against the alternative hypothesis ( implying a univariate MS-FITGARCH with having constant transition probabilities (Model 1) switching in the stock market volatilities. The statistic of LR test is calculated by LR=2|ln LMS-FITGARCH−ln LFITGARCH| and the critical value is in accordance to Davies (1987) P-value, suggested by Garcia and Perron (1996) . According to Table ( 2), the statistic of LR test for Model 1 is estimated at 19.266 at a significance level of 1%, confirming the existence of two regime shifts in stock market volatilities. On this basis, the real stock returns can be fitted by a two-regime MS-FITGARCH model suitably. These results are consistent with the Henrry (2009) and Aloui and Jammazi (2009) studies.
The intercept of the conditional variance in regime 2 is lower than regime 1: the average return during recession ( ) in each month is estimated at 0.445 which is significantly different from regime 2 at -0.603, though the latter is insignificant. The intercept in the conditional variance equation, , is significant as well.
The smoothed and filtered probabilities for MS-FITGARCH model for two regimes of the real stock return are plotted in figure 1 to allow us to interpret two different conditional probabilities properly. Two regimes can be observed: first, a regime of behavior of stock markets in expansion with high expected return and low volatilities, and second, a regime of stock market behavior in recession with low expected return and high volatilities.
In FITGARCH model, which captures the persistence in conditional variance is only significant under regime 2 of the real stock return. The fractional difference parameter d is not significant under both regimes, implying that there is no evidence of long-memory on the real stock return series under regime switching. Moreover in both regime 1 and regime 2, asymmetrical effects of coefficients for stock market return are not also significant, implying that the S&P 500 would not react differently to negative innovations to returns than positive innovations of equal size and vice versa. This result reduces FITGARCH model to the usual GARCH model. The results of estimating transition probabilities p00 and p11 are highly significant for real stock return. Based on the estimated values for these probabilities, it can be said that it is more likely for stocks to stay in regime 1 (p00 about 0.967) than regime 2 (p11 about 0.89). In addition, high magnitude for these probabilities simply that only a large incident can transfer stock return or series of return volatilities from one regime to the other (and vice versa).
Based on the results of Box-Pierce test (B-P) of order 12 for checking white noise of the residuals, there is no serials correlation in the squared residuals, confirming the non-existence of heteroscedasticity of residuals. The results show that Markov switching model offers 2 regimes with acceptable approximation of the heteroscedasticity.
Figure1. Smoothed and filtered probabilities of MS-FITGARCH model with fixed transition probabilities.
Observing from figure 1, it can be seen that the MS-FITGARCH model is performing well in capturing the changes in stock return series under both regimes. It displays clearly the variance switches corresponding to a high return-low volatility state (expansion phase) under regime 1 and a low return-high volatility state (recession phase) under regime 2.
2. Incorporating the inflation variable into MS-GARCH model with fixed transition probabilities
We bring the first lag of inflation variable ( ) into the mean and variance equation of MS-GARCH model with fixed transition probabilities (Model 2). Estimation results of the model are presented in Table 1 . According to the results, the estimated coefficient on the first lag of inflation is not statistically different from zero in the variance equation. Therefore, the MS-GARCH model is extended through fixed transition probabilities only in the mean equation (Model 3). To determine whether inflation rate has any impact on the real stock return, likelihood ratio of Model 1 and Model 3 is compared, corresponding to the cases of existence and non-existence of first lag of inflation in the mean equation, respectively. The statistic of LR test for comparing two models is estimated at 6. 99 at a significance level of 1%, confirming that inflation has a significant impact on the mean of the real stock return.
The estimated coefficient of in regime 1 with low variancehigh mean (expansion phase) is negative and significantly different from zero ( ), while under regime 2 with high variance-low mean (recession phase) the coefficient is not significantly different from zero. These results indicate the asymmetrical impacts of inflation rate on stock return under the two recession and expansion regimes. The Box Pierce (B-P) diagnostic test with the order of 12 in Model 3 indicates that the null hypothesis ( ) of no serials correlation in the squared residuals is not rejected; an indication of lack of heteroscedasticity of residuals. Figure 2 presents the smoothed probabilities for MS-FITGARCH (1, 1) model with fixed transition probabilities by incorporating in the mean equation. 
3. MS-GARCH model with explained transition probabilities
By including the first lag of inflation in the model, we can investigate whether any fluctuations in will vary the probabilities of regimes overtime or not. Moreover, it allows us to test whether the regime-switching probabilities change across volatility regimes or not. To this end, MS-GARCH model is extended through explained transition probabilities (Model 4). To ensure a more direct comparison between the fixed transition probabilities and explained transition probabilities models, the LR test is used.
As reported in last column of Table 1 , the log-likelihood of the MS-GARCH (1, 1) model with explained transition probabilities is not significantly larger than the simple MS-GARCH (1, 1) model with fixed transition probabilities, and therefore, we accept the null hypothesis of fixed transition probabilities rather than the MS-GARCH with explained transition probabilities specification at the 10% significance level. This implies that there is evidence of regime-independence response of real stock market return volatilities to inflation rate. According to the results, the estimated coefficients of first lag of inflation in model MS-GARCH (1, 1) with the explained transition probability equation in regime 1 and regime 2, the coefficients ∂1 and are not statistically significant at 10% level. This implies that does not affect the probability of staying in each regime and can be omitted from the model.
Summary and concluding remarks
In this paper we studied the role of stock market volatilities in explaining the stock markets behavior using monthly data over 1990 to 2016 fo the US economy. The empirical approach of this study is based on a two-regime MS-FITGARCH (1, 1) model. According to the results, the MS-FITGARCH model with switching in the mean and in the variance offers a better statistical fit to the data, compared to the other alternatives. The results suggest that real stock returns display significant evidence of regime switching; The first regime is consistent with a high return-low volatility state (expansion phase) and the second regime is consistent with a low return-high volatility state (recession phase).
Results clearly indicate that there is no evidence of having long-memory in the real stock return series under regime switching, since the long-run characteristics of volatility is insignificant under both regimes. Also the results show that the S&P 500 would not react much differently to negative innovations to returns than positive innovations of equal size and vice versa. This result reduces FITGARCH model to the usual GARCH model for modeling the real stock return series under switching in regimes.
According to the results, estimated coefficients on fist lag of inflation in the mean equation under the recession phase is not significantly different from zero, confirming the Fisher hypothesis (1930) on non-existence of relationship between the real stock returns and expected inflation in recession phase of the real stock returns. However, there is a statistically negative relationship in expansion phase. The Several studies show that the stock return-inflation relation depends on the source of inflation (e. g. Danthine and Donaldson, 1986; Lee, 1989) . That is, a positive association between stock returns and real activity, combined with a negative association between inflation and real activity based on a money demand model, leads to spurious negative relations between stock returns and inflation. Our results confirmed that the source of inflation in expansion phase is more related to monetary factors instead of non-monetary factors such as real output shocks.
The results demonstrate inflation rate asymmetrical impacts on stock return under the two recessions and expansion regimes. We notice that the first lag of inflation doesn't affect the probability of staying in expansion or recession phases and can be omitted from the model, implying that inflation isn't a critical variable in explain the structural changes of the stock returns.
